PACS 03.67.Pp -Quantum error correction and other methods for protection against decoherence PACS 03.65.Vf -Phases: geometric; dynamic or topological PACS 03.67.Lx -Quantum computation architectures and implementations Abstract -A fundamental requirement of quantum information processing is the protection from the adverse effects of decoherence and noise. Decoherence-free subspaces and geometric processing are important steps of quantum information protection. Here, we provide a new experimentally feasible scheme to combine decoherence-free subspaces with nonadiabatic geometric manipulations to attain a universal quantum computation. The proposed scheme is different from previous proposals and is based on the typical XY interaction coupling, which can be set up in various nano-engineered systems and therefore open up for realization of nonadiabatic holonomic quantum computation in decoherence-free subspaces.
Introduction. -Quantum technology suffers from the fragile nature of quantum states. In the field of quantum information processing different strategies and methods have been employed to overcome this issue. For instance, quantum error-correction methods [1] , decoherence free subspaces [2] [3] [4] , noise-less subsystems [5, 6] , dynamical decoupling [7, 8] , topological and geometric approaches [9] [10] [11] to store, maintain and process the quantum information are among the key tools. Since each of these methods plays an exclusively crucial role in quantum computation and information science, combination of numbers of these methods to hopefully achieve a practical fault resistant hybrid mechanism for quantum information processing has always been at the center of research attentions [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
A decoherence-free subspace (DFS) is a symmetric subspace of a system's Hilbert space, which is invariant by collective decohering processes generated in certain system's interactions with the dephasing environment. The idea of DFSs started with observations in a study of pure dephasing on two qubits that have identical interactions with the environment [27] . Subsequently, this phenomenon was developed further using different methods [2] [3] [4] [5] [28] [29] [30] [31] and found its application in fault-tolerant quantum computation [32] [33] [34] . The explicit theoretical demonstrations followed by experimental verifications [35] [36] [37] [38] [39] revealed the potential of DFSs in protecting fragile quantum information against decoherences and identified them as a major component in the construction of a scalable quantum computer [40] [41] [42] [43] .
Geometric or holonomic quantum computation is the idea of building up quantum processors based on quantum geometric phases/holonomies. This model initially proposed based on quantum holonomy accompanying adiabatic evolutions [10, [44] [45] [46] [47] [48] and then involved nonadiabatic evolutions [11, [49] [50] [51] [52] [53] [54] . Inherent robustness of quantum geometric phases [55, 56] due to its conceptually natural relation to the geometric description of quantum systems [57, 58] , has turned holonomic quantum computation into one of the key approaches to achieve fault-tolerant quantum computation. Holonomic gates have been implemented in various experimental settings, such as NMR [59] [60] [61] , ion traps [62, 63] , superconducting transmon [64] , NV-centers in diamond [65, 66] , and other solid-state systems [67] .
To take the potential advantages of both decoherencefree subspaces and holonomic quantum computation methods in building up fault-tolerant architectures for quantum computing, several hybrid proposals have been put forth [13] [14] [15] [16] [18] [19] [20] [21] [22] [23] [24] for adiabatic as well as nonadiabatic regimes. However, the need for control of complex qubit interactions in the proposed schemes has made it a challenging task to fully demonstrate these architectures in lab. Here, we present a new practically feasible scheme p-1 for implementation of nonadiabatic holonomic quantum computation in decoherence-free subspaces. This scheme is only based on typical one-dimensional XY interaction model, which is an important model in quantum information science and has been realized in diverse experimental settings [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] . We use two physical qubits to encode a logical qubit into a two dimensional decoherence-free subspace. Then, by embedding the logical qubit into a three dimensional decoherence-free subspace and constructing a lambda structure through an anisotropic three bodies XY interaction Hamiltonian, we implement a universal set of nonadiabatic holonomic single-qubit gates on our logical qubit. Next, we create a double lambda structure in an anisotropic XY interaction coupling between two logical qubits and demonstrate a family of nonadiabatic two-qubit entangling holonomic operations, which includes entangling gate equivalent to CNOT gate.
The paper is organized as follows: We begin with a brief introduction of nonadiabatic holonomic gates in Sec. . In Sec. , we encode the logical qubit into a decoherencefree subspace and establish a universal set of nonadiabatic holonomic single-qubit gates. We continue by constructing a family of nonadiabatic two-qubit holonomic gates and evaluating their entangling nature in Sec. . The paper is summarized in Sec. .
Nonadiabatic holonomic gates. -Below, we shall briefly address nonadiabatic holonomic gates [11] , which are based on non-adiabatic non-Abelian geometric phase [80] . Consider a quantum system described by a (time dependent) Hamiltonian H operating on the corresponding n-dimensional Hilbert state space H. Suppose W is a k-dimensional subspace of H, which undergoes the Schrödinger time evolution
in a cyclic manner, i.e., W (τ ) = W (0) = W for some time τ . Despite the fact that the evolution C represents a cyclic physical process, the evolution of a single pure quantum state |ψ(t) about C need not to be cyclic, or, more precisely, the initial, |ψ(0) , and final ,|ψ(τ ) , states in the base subspace W do not necessarily coincide. However, there always exists a unitary operator U (τ ) such that |ψ(τ ) = U (τ )|ψ(0) . The unitary U (τ ) is just the time evolution operator U(0, τ ) = e
Hdt projected on the base subspace W . This unitary transformation can be evaluated as
where P is the time ordering operator and
for a given once differentiable set of k orthonormal basis state vectorsB(t) = {|ψ a (t) , a = 1, ..., k} spanning the subspace W (t) at each time such that |ψ a (τ ) = |ψ a (0) for each a. TheB(t) is sometimes referred to as a one parameter family of k-frames. Note that, the unitary transformation U (τ ) in Eq. (2) is composed of two parts. One is given by the potential A, which transforms as a proper gauge potential under a gauge transformation and thus gives rise to a gaugecovariant geometric contribution to the operator U (τ ) [80] . While, the other is given by the matrix D, which is merely given by the dynamics of the system described by the Hamiltonian H. The contribution by the gauge potential A, here denoted as
is known as nonadiabatic quantum holonomy of the evolution C.
The geometric unitary operator, U (C), would realize a nonadiabatic holonomic gate provided that i. The base subspace W represents a system of qubits.
ii. The subspace W is evolved cyclically about a loop C in the whole state space H.
iii. Along the evolution C, the dynamical potential D vanishes. This is equivalent to that the projected Hamiltonian at each time on the subspace W (t) along the evolution C vanishes.
Geometrically speaking, the loop C in fact resides in the Grassmannian manifold G(n, k), the space of all kdimensional subspaces of the n-dimensional Hilbert space H. Moreover, the nonadiabatic quantum holonomy U (C) depends only on the loop C and geometric structure of the
Here, the Stiefel manifold S(n, k) is the space of all kframes in H, π is the natural projection operator that maps each k-frame to the corresponding spanned subspace, and U (k) is the unitary group of degree k [80] .
Single qubit gate. -As depicted in Fig. 1 (a) , we consider a logical qubit (LQ) representted by the two dimensional collective dephasing DFS [3, 4] 
of two physical qubits, Q 1 and Q 2 . Let us define encoded computational basis states for our logical qubit as
To introduce a qubit dynamic, we embed our logical qubit into a higher dimensional DFS, namely
by, as shown in Fig. 1(b) , coupling the two physical qubits, Q 1 and Q 2 , through an intermediate auxiliary physical
Realization of universal nonadiabatic geometric control on decoherence-free qubits in the XY model qubit, Q a , via the anisotropic XY interaction Hamiltonian in local magnetic fields
where J 1a , J 2a denote the exchange coupling strengths between adjacent qubits, B denotes the strength of local magnetic fields, and σ
z are the standard Pauli operators of the jth qubit.
Since the Hamiltonian in Eq. (8) commutes with total z-component operator
the three dimensional DFS in Eq. (7) is an invariant subspace by H 1 . Thus, the dynamic of our logical qubit, which is now equivalently represented by the subspace Span{|0 L ≡ |001 , |1 L ≡ |100 } in DFS 3 occurs only in DFS 3 . The Hamiltonian in Eq. (8) in the effective subspace DFS 3 takes the following effective lambda form
with respect to the ordered basis {|0 L , |1 L , |a ≡ |010 } (see Fig. 1(b) ). Using the following parameterization
with ω = J 2 1a + J 2 2a + B 2 , the effective energy eigenstates are obtained as
where |b = sin
, and E b2 = ω(cos φ − 1). Consequently, we evaluate the time evolution operator,
In order to achieve single qubit gates on our logical qubit, LQ ≡ Span{|0 L , |1 L }, we need to evolve the qubit subspace cyclically in DFS 3 , i.e., we must let the system evolve within an appropriate time interval, [0, τ ], so that at the final time, τ , the qubit subspace is mapped back into itself by the time evolution operator
the last term in Eq (13) implies that we would have a cyclic evolution for the logical qubit in DFS 3 if we assume a time τ with respect to the exchange couplings and local magnetic fields strengths such that
for an integer m. In this case, we obtain single qubit gate
where γ = mπ(cos φ + 1). The1, X, and Z are, respectively, identity, Pauli X and Pauli Z single qubit gates. The U (C) follows from projecting the time evolution operator U(0, τ ) on the logical qubit subspace. Here, C denotes the cyclic path in G(3, 2) about which the logical qubit subspace LQ ≡ DFS 2 evolves. Let us pursue with some remarks on the gate operator, U (C), given in Eq. (16):
• The U (C) is nonadiabatic holonomic gate since it meets all the criterias listed at the end of Sec. . Firstly, it corresponds to cyclic evolution C of the logical qubit subspace LQ ≡ DFS 2 in the whole effective state space DFS 3 , and secondly,
H eff ds |y = x|H eff |y = 0
at each time t along this evolution for x, y = 0 L , 1 L . The latter indicates that there is no dynamical contribution in U (C). Thus, the U (C) is actually the nonadiabatic quantum holonomy associated with the evolution of the logical qubit subspace about C. corresponding to the Dzyalozhinsky-Moriya spinorbit interaction contribution to the system. We have used the antisymmetric Dzyalozhinsky-Moriya term
• The U (C) provides a universal set of single qubit gates since it represents the rotation by an arbitrary angle γ about an arbitrary axisn = (sin θ, 0, − cos θ) in the xz plane, i.e., U (C) ≡ Rn(γ) [81] .
• Compared to the previous proposals [18, 24] , the gate U (C) gets its universality and geometric nature without taking into account an external control on the Dxzialoshinsky-Moriya spin orbit interaction term in the Hamiltonian of Eq. (8) . Instead, we consider the Dxzialoshinsky-Moriya term, which is an intrinsic property of the system, very small and probably not easy to control externally in practice, as a perturbative noise to the system. Figure 2 shows remarkably high tolerance of the U (C) gate against this noise contribution.
Two-qubit entangling gate. -To illustrate the full computational power of the proposed geometric scheme in decoherence-free subspaces, here we discuss the realization of nonlocal two-qubit holonomic gates.
As seen from the former section and also shown in Fig.  3 , two logical qubits would be represented with four or precisely two pairs of physical qubits. For the sake of clarity, we label the physical qubits denoting each logical qubit as follows: An XY coupling between three of these four physical qubits, say here Q3, Q2, Q4, leads to a double lambda dynamic for the two logical qubits computational state space in the six dimensional decoherence-free subspace DFS6. This dynamic allows us to implement a geometric two-qubit entangling gate between logical qubits with a desirable entangling power.
We consider the coupling between the two logical qubits introduced by the following XY interaction Hamiltonian
where J 32 and J 42 are the exchange coupling strengths between the corresponding qubits. Note that, similar to the single qubit case, the Hamiltonian in Eq. (19) commutes with total z-component operator
which indicates that the six dimensional DFS
including the two logical qubits computational state space encoded as
remains invariant under the the Hamiltonian in Eq. (19) . Thus, the dynamics of the two logical qubits take place only in DFS 6 . Geometrically speaking, an evolution of the two logical qubits computational state space would correspond to a path in the Grassmannian manifold G (6, 4) . Restricting the Hamiltonian in Eq. (19) into the effective subspace DFS 6 , we obtain the effective Hamiltonian of the formH
in the ordered basis {|0101 , |1010 , |0110 , |1001 , |0011 , |1100 }. As depicted in Fig. 3 , this Hamiltonian benefits actually from a double lambda form
Note that, the first term on the right hand side has the same form as the Hamiltonian in Eq. (10) . Therefore, following the analysis of the former section we observe that the two logical qubits state space evolves cyclically about a loop in the Grassmannian manifold G(6, 4) if we assume a time interval, [0,τ ], for the evolution such that ωτ =mπ (25) for an integerm. Here, we haveω = J 2 32 + J 2 42 . In the case of an odd integerm, the projection of the time evolution operator, U(0,τ ) = e − i τ 0H eff dt , on the two logical qubits state space leads the nonlocal conditional two-qubit gate
represented in the ordered computations basis
Here, we have used
In Eq. (26), Rν 0 (π) and Rν 1 (π) are conditional π rotations of the second qubit about the corresponding axeŝ
Two important features of the two-qubit gate, U (C), in Eq. (26), which we would like to stress here, are that it is a holonomic and entangling gate. The holonomic nature follows from the fact that the U (C) corresponds to a cyclic path,C, in the Grassmannian manifold G (6, 4) , about which the two logical qubits state space evolves and along this evolution there is no dynamical contributions since
at each time t ∈ [0,τ ] for p, q, x, y = 0 L , 1 L . According to the sec. , the U (C) is the nonadiabatic quantum holonomy associated with the cyclic evolutionC.
To clarify the entangling nature, we have evaluated the local invariants [82] for the U (C) as
and as a result the corresponding points on a 3-torus geometric structure [82] (c 1 , c 2 , c 3 ) = (2θ, 0, 0).
Consequently, we obtained the entangling power [82, 83] e P [U (C)] = 2 9 sin 2 2θ.
(32) Figure 4 shows the geometric 3-torus points (c 1 , c 2 , c 3 ) in the form of symmetry reduced coordinates on the tetrahedron Weyl chamber [82] as well as the entangling power. It is important to note that, all the entangling characteristics of the U (C) given by local invariants in Eq. (30), geometric 3-torus points in Eq. (31) , and the entangling power in Eq. (32) depend only on the ratio between the exchange couplings J 32 and J 42 represented, in fact, by the angleθ = 2 arctan J32 J42 . The above analysis and Fig. 4 indicate that the geometric two-qubit gate U (C) is an entangling gate for any 0 <θ < π/2. Moreover, forθ = π/4, the U (C) is a special perfect entangler 1 , which belongs to the CNOT equivalence class represented by the point L on the Weyl chamber and owns the maximum gate entangling power of 2/9.
Similar to the case of single-qubit gate, we implement the geometric two-qubit entangling gate U (C) through only an anisotropic XY interaction coupling and consider the antisymmetric Dxzialoshinsky-Moriya contribution as a perturbative noise to this XY coupling. Figure 5 shows the fidelity of the geometric two-qubit spacial perfect entangler U (C;θ = π/4) against this noise.
summary. -In summary, we have introduced a practical procedure to implement universal nonadiabatic holonomic quantum information processing through decoherence-free subspaces. We have used two physical qubits to encode a logical qubit into a two dimensional decoherence-free subspace. A universal set of nonadiabatic holonomic single-qubit gates is then obtained by embedding the logical qubit into a three dimensional decoherence-free subspace and constructing a lambda structure. This is done by coupling the two physical qubits through an auxiliary third qubit in an anisotropic XY interaction Hamiltonian. In order to perform universal quantum computation, we have also demonstrated a family of entangling nonadiabatic holonomic operations on two logical qubits, which includes entangling gate equivalent to CNOT gate. The entangling gates are achieved by forming a double lambda structure in an anisotropic XY interaction coupling as well. The proposed scheme differs from previous proposals in that the entire procedure here is based on typical one dimensional anisotropic XY Hamiltonian, which can be fabricated in different physical systems such as NMR [68] [69] [70] , quantum dot spins [71] , atomic systems [72] , nitrogen-vacancy centers in diamond [73] , magnetic impurities on the surface of topological insulators [74] , and optical systems [75] [76] [77] [78] [79] . This in turn adds to the feasibility of the present proposal.
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